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INTRODUCTION 
The pelagic deposition of a sediment column is 
considered to have two stages which occur 
simultaneously. At the uppermost part the ma- 
terial is in a state of dispersion, which is gov- 
erned by Kynch’s theory of hindered settling. At 
the bottom of the column, soil is formed. This 
soil accretes because of the accumulation of new 
sediment and simultaneously consolidates under 
its self-weight. 

Studies by Michaels & Bolger (1962) and by 
Been & Sills (198 1) have shown the existence of 
a transition zone between dispersion and soil, 
which is characterized by large concentration 
gradients with depth. Been (1980) has demon- 
strated that consolidation and hindered settling 
derive from the same basic principles, and that 
hindered settling can be deduced from consoli- 
dation theory by setting the effective stress to be 
zero. 

In this Note we derive an extended equation 
which governs the sedimentation and simultane- 
ous consolidation of pelagic sediments. An ex- 
ample of the implementation of this theory is 
also given. 

HINDERED SETTLING 
Kynch (1952) has derived a theory of 

sedimentation based on the fundamental as- 
sumption that the speed of fall of particles in a 
dispersion is determined only by the local parti- 
cle density. The equation governing hindered 
settling is 

V(c)$+$=O 

where c is the solids concentration, < is the 
Eulerian co-ordinate and 

In equation (2) u, is the velocity of settling, In particular, h, designates the total height of 
which is a function of the local concentration: solids of the consolidating medium. 

u, = u,(c) (3) LINKED THEORY 
A more general form of the effective stress 

principle can be stated as 

fr=/3(e)a’+u, (7) 
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Kynch’s original analysis shows that several 
different modes of settling may occur, depending 
on the relationship between v, and c and on the 
initial condition of the process. In particular, the 
theory shows that layers may exist in the disper- 
sion where the value of the concentration 
changes abruptly, and that these discontinuities 
are responsible for linear and non-linear settling 
modes. 

CONSOLIDATION 
Gibson, England & Hussey (1967) have de- 

rived the equation governing non-linear, finite 
strain consolidation of saturated clays. The 
theory is based on the assumption that the effec- 
tive stress principle fully applies, i.e. 

u=u’+u, (4) 

where o is the total stress, u’ is the effective 
stress and u, is the total porewater pressure. 
The governing equation for monotonic, primary 
consolidation is 

1 +e=o (5) 
at 

where e is the void ratio, y< and yW are the unit 
weights of the solids and pore fluid respectively, 
k is the coefficient of permeability, t is the time 
and z is a reduced co-ordinate measured against 
gravity. This co-ordinate is defined as the vol- 
ume of solids (per unit area) lying between the 
datum plane and the Lagrangian (initial) co- 
ordinate point (Terzaghi, 1927; McNabb, 1960). 
The relationship between reduced, Lagrangian a 
and Eulerian 4 co-ordinates is given by < W 

l+e(<‘,t) 
(6) 
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Fig. 1. Fomw of the p constitulive relationship 

where the interaction coefficient /3 is a 
monotonic function of the void ratio. A reasona- 
ble form of the (p, e) constitutive relationship of 
a soil-water mixture is shown in Fig. 1. 

The interaction coefficient is equal to zero for 
values of the void ratio greater than e,. In this 
case the particles (or aggregates of particles) are 
so distant that their interaction or contact is 
negligible and the mixture behaves as a disper- 
sion. For values of the void ratio less than e, 
there is full particle-to-particle contact and the 
interaction coefficient is equal to unity, i.e. the 
conventional effective stress principle fully ap- 
plies and the mixture behaves as a soil. TWO 
kinds of (& e) constitutive relationships are 
shown in Fig. 1. In the general case b the 
interaction coefficient is a continuous function of 
the void ratio. In case a an abrupt change in p 
occurs at e,. 

Assuming the validity of equation (7), the 
finite strain-governing equation expands to 

1 +ae,o (8) 

at 

In the following it is shown that this simple 
concept can explain, from a mechanical point of 
view, the behavior of soil-water mixtures in a 
wide range of solids concentration and that the 
governing equation (8) can model simultaneous 
sedimentation and consolidation of saturated 
soils. 

For values of the void ratio greater than e, 
the soil-water mixture is truly a suspension. 
Effective stresses are absent, and the interaction 
coefficient, as well as its derivative do/de, is 
equal to zero. In this case the governing equa- 
tion (8) reduces to 

(E-1)$(&):+&=0 e>e, (9) 

or 

V,(e)E+$=O e>e, (IO) 

where 

VZ(e)=($-1)$(k) (11) 

It is noted that equation (10) has the same form 
as Kynch’s equation (l), which governs hindered 
settling processes. From Darcy’s law and the 
continuity equation it has been shown elsewhere 
(Been, 1980) that the relationship between U, in 
Kynch’s theory and the coefficient of permeabil- 
ity is of the form 

&_ T-1 k ( 1 Yw l+e 
(12) 

Thus for values of the void ratio greater than e, 
linear and/or non-linear settling modes occur 
and the behavior of the suspension is uniquely 
determined by the functional {k(e)}. 

For values of the void ratio less than e, the 
soil-water mixture is truly a soil. Effective stres- 
ses are fully active and the interaction coefficient 
is equal to unity. In this case the extended 
governing equation (8) reduces to the Gibson- 
England-Hussey equation (5). The relationship 
between velocity of settling and coefficient of 
permeability expressed by equation (12) no 
longer applies and the behavior of the soil (i.e. 
the progress of consolidation) depends on the 
two functionals {k(e)} and {u’(e)}. 

At intermediate concentrations, i.e. for values 
of the void ratio between e, and e,, the soil- 
water mixture is no longer a suspension but is 
also not a soil. Pore fluid velocities are still high, 
and thus drag forces are comparable with effec- 
tive stresses which start to become active. Floe 
orientation is very unstable and fluid paths 
change rapidly with time. Channeling is also 
likely to occur. However, in the macro sense, 
the extended governing equation (8) is still valid 
in this intermediate range. 

Ih4PLEMENTATION/APPLICATION 
In the following we show the implementation 

of the proposed model in a practical application, 
i.e. the sedimentation and simultaneous consoli- 
dation of a soil-water mixture at uniform initial 
concentration. 

The method of characteristics, used in con- 
junction with the reduced co-ordinates z, pro- 
vides a simple tool toward the solution of the 
process. In fact this method furnishes the solu- 
tion of the sedimentation mode and the domain 
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Fig. 2. Relationship between height of solids and time 

of the consolidation mode in which equation (5) 
and/or equation (8) can be integrated by means 
of a numerical method. We start from equation 
(10) and seek the characteristics of this equa- 
tion. By definition, on the characteristics 

e(z+dz, t+dt)=e(z, t) (13) 
or 

ae ae dt _= --- 
a2 at dz 

(14) 

From the system of equations (10) and (14) we 
obtain 

(15) 

This equation (15) is the differential equation of 
the characteristic. Since along a characteristic e 
(and thus V,(e)) is constant, the characteristics 
of the governing equation (10) are straight lines 
of slope V,(e). The solution in the fixed z do- 
main is then uniquely determined as shown in 
Fig. 2. For simplicity of exposition it is assumed 
that the initial void ratio e, is constant with 
depth and that the (@, e) constitutive relation- 
ship has the form shown in Fig. 1, case a. 

If, in addition, the functional {V,(e)} given by 
equation (11) is a monotonically increasing func- 
tion of the void ratio then the solution has no 
discontinuities.* The characteristics have con- 
tinuously decreasing slopes as shown in Fig. 2, 
and non-linear hindered settling will occur. 

Since the initial distribution is uniform 
(e(z, 0) = e, = constant), the characteristics in the 
triangle Oh,t, are parallel lines whose equations 
are given by 

z = z,+ V,(e,)t (16) 
where 

da’ n da’ 
Z”= 

l+e(a’,O)= o l+e,, I- 
(17) 

* More exactly, the solution has discontinuities of the 
first order, as defined by Kynch (1952) in his original 
paper. 

At the datum plane (z = 0), i.e. at the bottom of 
the suspension, a characteristic of concentration 
e, is immediately propagated upward at the 
velocity V,(e,). This soil formation line is rep- 
resented by the line Ot, in Fig. 2 and separates 
the soil-water mixture in two regions; in the 
triangle Oh,t, the mixture is a suspension. Equa- 
tion (10) then applies and hindered settling oc- 
curs. Below the line Ot,, effective stresses are 
fully active and the consolidation equations (5) 
and/or (8) are valid. However, this does not 
result in a discontinuity of the dependent vari- 
able e. In this particular case, in the triangle 
Ot1t2 the void ratio changes continuously from 
the initial value e, to the soil formation value 
e,. In this region the solution depends on both 
the initial condition and the boundary condition 
of the convection equation (10) and the charac- 
teristics have equations given by 

2 = V,(e)t e,,<e<e, (18) 

Moreover, the solution in the triangle Oh,t, de- 
pends only on the initial condition of equation 
(10) and the solution below the line Of? depends 
on the two boundary conditions of equation (5). 

These considerations provide an insight to 
some general features of the process. In Fig. 2, 
the horizontal line z = h, represents the water- 
slurry interface of the suspension moving down- 
ward at a velocity which is a function of time. By 
using reduced z co-ordinates this boundary does 
not change with time. The value of the void 
ratio at this boundary is equal to the initial value 
e,,, until time t, which is given by 

t, = h,/ V, (4 (19) 

Thus until t, the settling mode is linear.* After 

*This does not mean that the velocity of fall of the 
interface is constant. Consolidation occurring below 
the line Or, will result in a non-linear curve of fall, 
which is ignored in Kynch’s theory. 
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t,, the soil-water interface can no longer main- 
tain its concentration at the initial value. The 
value of the void ratio at this point e,,, will vary 
continuously between times t, and tZ according 
to the equation 

t = h,/V, (et”,,) t, < t < b en < etop < e, 
(20) 

The time t2 is given by 

tZ = h,/ V, (4 (21) 

and until this time the settling mode will be 
non-linear. After time tZ the characteristic Ot, 
having a concentration equal to that of soil 
formation has reached the water-slurry interface 
and hindered settling is no longer possible. Only 
consolidation occurs at times greater than t2. 

The solution in the consolidation domain 
below the soil formation line Ot, can be found 
by numerical integration of equations (5) and/or 
(8). A variety of numerical techniques (e.g. finite 
difference techniques, method of lines, space- 
time finite element techniques) are available and 
have been successfully employed. 

From a physical point of view, it is more 
convenient to express the dependent variables in 

terms of Eulerian co-ordinates .$ and time t. 

Therefore, once the solution has been obtained 

in the reduced z co-ordinates system, it is con- 
verted to the Eulerian system by means of the 
co-ordinate transformation (6) which is rewrit- 
ten as 

5(t) = 571 + e(z’, t)] dz’ (22) 
0 

With the limits of integration set at the datum 
plane (z = 0) and at the total height of solids h,, 
equation (22) will naturally lead to the curve of the 
fall of the water-slurry interface h(t) according to 

h(t) = 
5 

“‘[I +e(z’, t)] dz’ (23) 
(1 

It is noted that, if the initial void ratio distribu- 
tion is not uniform or if the functional {V,(e)} is 
not a monotonically increasing function of the 
void ratio, discontinuities of the first order are 
likely to occur in the solution; they can still be 
handled by the method of characteristics. Furth- 
ermore, it is recalled that an ‘intermediate reg- 
ion’ of soil densities has been experimentally 
observed in laboratory sedimentation tests with 
remote-sensed density measurements (Been 
1980; Been & Sills, 1981). This intermediate 
region, which is characterized by large changes 

in concentration with depth, has been associated 
with effective stresses which are not fully active 
(i.e. O<@<l). 

This analysis shows that such a region can also 
exist at values of the void ratio at which effective 
stresses are not present at all, i.e. /3 = 0, and is 
responsible for non-linear settling modes. Thus 
a (p, e) relationship of the kind shown in Fig. 1, 
case a, might be accepted without loss of gener- 
ality in the mechanical phenomenon to be mod- 
eled. Finally, it is worth noting the advantage of 
using reduced co-ordinates. The moving bound- 
ary problem is reduced to a problem with fixed 
geometry thus facilitating both the analysis and 
the physical interpretation of the process with 
respect to Kynch’s original work. 

CONCLUSIONS 
This analysis sets a general theory which links 

pelagic sedimentation and consolidation as a 
single process governed by a modified effective 
stress equation. We have shown how this pro- 
cess can be analyzed by the method of charac- 
teristics. We leave the detailed numerical solu- 
tions and the laboratory verification of this new 
theory to a later paper. 
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